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It is shown that unicoherence at subcontinua is preserved under a new class of mappings 
between metric continua which comprises the class of monotone and the class of hereditarily 
confluent mappings, while it is not preserved under open finite-to-one mappings or under 
quasi-monotone mappings even between linear graphs. 
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All spaces considered in the paper  are assumed to be metric continua. A cont inuum 
X is said to be unicoherent at its subcont inuum C provided that for each pair  of 
proper  subcont inua A and B of X such that A w B = X the intersection A ~ B ~ C 
is connected. This concept is due to Owens [10] and is related to Bennett's trong 
unicoherence [1, 2], and Madkowiak's  weak hereditary unicoherence [6] (see also 
[8] and Section 2 of  [10]). 
Let dd be an arbitrary class of mappings that contains the class of homeomorph-  
isms. A surjective mapping f between continua X and Y is said to be hereditarily 
d// provided for each subcont inuum C of X the partial  mapping f lC  : C ~f (C)  c y 
is in dd (see [7]; cf. [9, 4.B, p. 16]). 
A mapping f :X~ Y is said to be monotone if it has connected point- inverses; 
equivalently, if for each subcont inuum Q of  Y the set f I (Q) is connected. 
Monotonei ty  of mappings is closely related to unicoherence of continua, not only 
because unicoherence is an invariant property under monotone mappings [ 12, (1.21), 
p. 138], but also because we have the fol lowing characterizat ion of hereditary 
unicoherence in terms of  monotoneity  of mappings:  A cont inuum X is hereditar i ly 
unicoherent if and only if each monotone mapping defined on X is hereditari ly 
monotone [4, Lemma 1, p. 932; 7, Corol lary 3.2, p. 126]. Thus, having a new property 
concerning unicoherence, viz. unicoherence at subcontinua, it is natural to ask about 
behaviour  of  continua enjoying the property when they are transformed under 
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monotone or some related mappings. This is just a subject of the present paper. I
would like to express my gratitude to Wtodzimierz J. Charatonik for fruitful dis- 
cussions on the topic of this paper. 
A class of mappings is said to be defined by the subcontinua of the image provided 
that it is defined by a property which is satisfied by the inverse image of an arbitrary 
subcontinuum of the image [9, Section 3, p. 12]. Ma6kowiak [9] discusses the 
following classes of mappings defined by the subcontinua of the image: monotone, 
confluent, semi-confluent, weakly confluent, joining and atriodic. Some of them are 
considered in the present paper. 
Now we introduce a new class of mappings that is defined by the subcontinua 
of the image. A surjective mapping f :  X ~ Y between continua X and Y is said to 
be feebly monotone provided that if A and B are proper subcontinua of Y such 
that Y= A w B, then their inverse images f ~(A) and f -~(B)  are connected. Our 
first two propositions are straightforward consequences of the definitions. 
1. Proposition. Each monotone mapping is.feebly monotone. 
2. Proposition. Each mapping from a continuum onto an indecomposable continuum 
is feebly monotone. 
To see some other feebly monotone mappings, recall a definition. A mapping 
f :  X ~ Y is said to be confluent provided that for each subcontinuum Q of Y each 
component of f I(Q) is mapped under f onto Q [3, p. 213]. Now, a statement 
proved as (4.44.1) in [9, p. 25] can be reformulated as follows. 
3. Proposition (Ma6kowiak). Each hereditarily confluent mapping is feebly monotone. 
Let ~ be a class of mappings defined by the subcontinua of the image. A surjective 
mapping f :  X ~ Y is said to be ~ at a subcontinuum K c y provided that condition 
Jg is satisfied for all continua which intersect K. Then the following are equivalent: 
(a) f is in £ ;  (b) f is ~t at Y; (c) f is /~ at K for each continuum K ~ Y. 
Taking as £ the class of monotone mappings one can easily see that monotoneity 
of a mapping f :  X ~ Y at a subcontinuum K = Y is equivalent to the condition 
that f is monotone relative to each point p c f - l (K )  in the sense defined by 
Ma6kowiak in [5, p. 720] (i.e., for each subcontinuum Q of Y such that f (p )  c Q 
the set f -~(Q) is connected). 
We say that a surjective mapping f :  X ~ Y preserves unicoherence at subcontinua 
provided that if X is unicoherent at a subcontinuum C = X, then Y=f (X)  is 
unicoherent at f (C ) .  It is readily seen that if surjections f~ :X~ Y and f2: Y~Z 
preserve unicoherence at subcontinua, then so does their composition f2fl : X ~ Z. 
4. Remark. Observe that if the range space Y is hereditarily unicoherent, then each 
surjection f onto Y preserves unicoherence atsubcontinua by virtue of [10, Proposi- 
tion 1.2, p. 146] which says that if Y is hereditarily unicoherent, then Y is unicoherent 
at each of its subcontinua. 
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5. Theorem. Let a continuum X be unicoherent at its subcontinuum C. I f  a mapping 
f :  X ~ Y is feebly monotone at f (C ) ,  then Y is unicoherent at f (C ) .  
Proof. Let A and B be proper subcontinua of Y such that Y = A u B. We have to 
show that A n B n f (C)  is connected. I f  either A n f (C)  = (3 or B ~f (C)  = 0, then 
A n B ~f (C)  = 0, thus it is connected. Otherwise A ~f (C)  ¢ 13 ~ B n f (C ) ,  so f  I(A) 
and f - l (B )  are continua by feeble monotoneity o f f  at f (C ) .  Note that they both 
are proper subsets of X and their union is X. So f ~(A) ~f  ~(B) c~ C is connected, 
whence connectivity of  the image f ( f  ~(A) n f I(B) c~ C) = A c~ B c~ f (  C) follows. 
The proof  is complete. [] 
As a consequence of Theorem 5 we get the following corollary. 
6. Corollary. Feebly monotone mappings preserve unicoherence at subcontinua. 
Thus, by Propositions 1 and 3, we have the next two corollaries. 
7. Corollary. Monotone mappings preserve unicoherence at subcontinua. 
8. Corollary. Hereditarily confluent mappings preserve unicoherence at subcontinua. 
A weaker version than the above introduced concept of a mapping f :X~ Y 
which is ~ at a subcontinuum K c Y (where ~ is a class of  mappings defined by 
the subcontinua of the image) can be obtained by requirement that condition Jg is 
satisfied only for such subcontinua of Y which contain K (instead of all those 
which intersect K). The mapping f satisfying the mentioned requirement is said to 
be Jg at K in a weaker sense. The difference between these concepts in case when 
is understood as the class of  monotone mappings can be seen from the following 
example. Recall that a retraction means a mapping f :  X ~ Y c X such that f (x )  = x 
for all x c Y. By a linear graph we mean a one-dimensional polyhedron [12, p. 182]. 
9. Example. In polar coordinates (r, t) in the plane consider the union of a circle 
C -{(1 ,  t): t c[0,2w[} and of two arcs attached to the circle so that, for kc{0,  1} 
we have Ik ={(r, kw): rc  [1,2]}. Then 
X=IouCwI1  
is a linear graph which is unicoherent at I1. Let f :  X ~ I0u  C be a retraction such 
that f l (10u C) is the identity and f l l l : I~{(1 ,  t): t c [v ,v+l ]}c  C is a homeo- 
morphism defined by f((r, nv ) )=(1 ,w+r -1)  for (r,~r) Cll .  Note that f is not 
monotone at f ( IO,  while it is monotone at f ( l l )  in a weaker sense. Furthermore, 
taking A = C and B = Iou  c l (C \ f ( l l ) )  we see that A and B are proper subcontinua 
o f f (X )  the union of which equals f (X ) ,  and A ~ B c~f(I1)= {(1, v), (1, nv+ 1)}, so 
the intersection is not connected. Thus Theorem 5 cannot be stated for mappings f 
which are monotone a t f (C)  in the weaker sense, and therefore we have the following 
statement. 
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10. Statement. Let a continuum X be unicoherent at its subcontinuum C. Ira mapping 
f :  X-~ Y is monotone at f (  C) in the weaker sense, then Y need not be unicoherent at 
f (C ) ,  even if  X is a linear graph. 
11. Remark. Note that the converse to Corol lary 5 is not true, i.e., the class of 
mappings which preserve unicoherence at subcontinua is essentially larger than the 
one of feebly monotone mappings. In fact, each mapping f :  [0, 1] ~ [0, 1] preserves 
unicoherence at subcontinua because the range space is hereditarily unicoherent 
(see Remark 4). But defining f by 
2x for x~ [0,½], 
1 9 
f (x )  = 1 - x for x ~ [3, ~], 
2x -1  for xc  [~, 1] 
and taking A [0,½] and B [½, 1] as the subcontinua of Y=[0 ,  1] we see that 
f I(A) and f I(B) are not connected, so f is not feebly monotone. 
Looking for some other mappings which preserve unicoherence at subcontinua 
one can consider open mappings. Recall that a mapping f :  X ~ Y is said to be open 
provided it maps open subsets of the domain onto open subsets of the range. It is 
known that open mappings of continua are confluent [12, (7.5), p. 138; 3, VI, p. 214]. 
A mapping is said to be light if it has zero-dimensional point-inverses. For light 
open mappings an example is known (see [3, p. 216]) showing that unicoherence is
not preserved under this class of mappings. We recall it below. 
12. Example. Let a plane continuum X consist of a two-sided spiral situated inside 
an annulus and limiting on the union of two circles which bound the annulus; in 
polar coordinates (r, t) 
Ca {(1, t): tcE0,2w[}, C~={(2, t): t~[0,2~r[}, 
$1 ={(r, t): r=  1+ 1 / ( t+2)  for t>~0}, 
$2 : {(r, t): r = 2 - 1/(2 - t) for t <~ 0}, 
and X = C1 u Sa u S2u C2. Then X is unicoherent at C1. The central projection 
f :  X ~ Ca is a light open retraction of X onto the circle Ca, but Ca is not unicoherent 
a t f (C0  Ca (see [10, Proposit ion 1.1, p. 146]). 
Recall that a mapping is said to be finite-to-one if it has finite point-inverses. 
Obviously each finite-to-one mapping is light. The next example, which is due to 
W.J. Charatonik, shows that the property described in Example 12 holds even in 
the case when the domain space is a linear graph and the mapping f under 
consideration is an open finite-to-one retraction. 
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13. Example (W.J. Charatonik). In the previous example replace the double spiral 
S1uS2 by a straight line segment I={( r ,  0): r~[1,2]} and put X= Ciu lw C2, 
where C1 and C2 are the circles considered in Example 12. Then X is a linear graph 
which is unicoherent at L Take f :  X ~ C~ such that f[ C~ is the identity, f l C2 : C2-> C1 
is the central projection, and f [ I  : I ~ C1 is defined by f ( ( r ,  0)) = (1, 2~r(r- 1)). So 
f [ I  winds up I smoothly onto C~ identifying the ends of L Thus f is an open 
finite-to-one retraction of X onto C1, but Cl is not unicoherent at f ( I )  = C~ as 
previously. 
Hence we have: 
14. Statement. Open finite-to-one mappings do not preserve unicoherence at subcon- 
tinua, even if  the domain space is a linear graph. 
Recall that a mapping is said to be k-to-one (where k is a positive integer) provided 
each its point-inverse consists of exactly k points. Obviously each such a mapping 
is finite-to-one, but not inversely, as Example 13 shows. Let ~ be an arbitrary class 
of mappings and let f :  X ~ Y be a surjection. We say that f is locally ~ provided 
for each point x c X there is a closed neighborhood V of x such that f (V)  is a 
closed neighborhood o f f (x )  and the partial mapping f[ V is in ~ (see [9, p. 18]). 
Taking the class of homeomorphisms as Jg we get the concept of a local homeomorph- 
ism (see [12, p. 199] and [9, Theorem 4.23, p. 18]). It is known that a surjective 
mapping is a local homeomorphism if and only if it is open and k-to-one for some 
fixed k> 1. Thus the class of local homeomorphisms is situated just between 
homeomorphisms and open finite-to-one mappings. Since homeomorphisms 
obviously preserve unicoherence at subcontinua while open finite-to-one mappings 
do not (Statement 14), it is natural to ask how the situation looks like for local 
homeomorphisms. 
15. Question. Do local homeomorphisms preserve unicoherence at subcontinua? 
Moreover, another generalization of local homeomorphisms, namely locally 
monotone mappings, do not preserve unicoherence at subcontinua, either. This fact, 
that makes the above question more interesting, can be seen by an example below, 
which is a modification of Example 13. 
16. Example (W.J. Charatonik). Let X = C1 u I • C2 be the linear graph of Example 
13. Put (in polar coordinates in the plane) Vl = (1, 0) and v2 = (2, 0) and consider 
two disjoint triods 7"1 and T~ in X with vertices v~ and v2 and with end points el 
and e~ for ic{1,2,3}, where 
1 4 ~ l 3 = = (1, ~v), e 1 el (~, 0), e i = (1,161~r), 
I 3 = (2, '61"rr). e~ = (~, 0), e2 = (2, ~r), e2 
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Define a surjection g:X-> X as a monotone mapping which shrinks T1 to v~ and 
to v2, and which is a homeomorphism on the rest. Then g(I)  = I and g(Cj)  = CJ 
for j6{1,2}.  Now let f :X -+G be the mapping defined in Example 13. The 
composition h =fg:X-> C1 is locally monotone. To verify this we have to find, for 
each point p~X,  a closed neighborhood V of p such that h(V) is a closed 
neighborhood of f (p )  and that the partial mapping hlV is monotone. I f  pc  
{v~, e~, e 3} we take as V a triod with the vertex v 1 and with end points a, b and c 
such that 
a=(7 ,0 ) ,  b=(1,1"rr+e)  and c=(1 ,~Urr -e ) ,  
1 where e c ]0, l~r[. l fp=e l ,  we define V as an arc L in C1uI such that Lc~C~= 
{(1, t): t ~ [~¢r -  e, 2-rr]}, i.e., Lc~ C1 is the shorter arc in C1 joining c with vi, and 
Lc~ I = {(r, 0): rc [0 ,  4 1 5+To]}. For other points p the closed neighborhoods V are 
defined similarly or even simpler, in an obvious way. 
Hence we have: 
17. Statement. Locally monotone mappings do not preserve unicoherence at subcon- 
tinua, even if the domain space is a linear graph. 
Recall that a mapping f:X--> Y is said to be quasi-monotone provided that for 
each continuum Q in Y with the nonempty interior the set f -~(Q)  has a finite 
number of  components and f maps each of them onto Q (see [11, p. 136]; cf. [12, 
Chapter 8, § 8, pp. 151-154]). It is known that unicoherence of continua is an 
invariant under quasi-monotone mappings [12, (8.61), p. 154]. Nevertheless, uni- 
coherence at subcontinua is not an invariant under quasi-monotone mappings by 
Statement 17, because ach locally monotone mapping is quasi-monotone [9, (4.43), 
p. 25]. But even a stronger result holds true. Namely one can observe that the 
mapping f :  X = C~ u I u C2--> C1 of Example 13 is quasi-monotone (and finite-to- 
one). Consequently we have the following statement. 
18. Statement. Quasi-monotone finite-to-one mappings do not preserve unicoherence 
at subcontinua, even if the domain space is a linear graph. 
To prove the next result we recall a definition and two theorems. A continuum 
X is said to be weakly hereditarily unicoherent if the intersection of every two 
subcontinua of X having nonempty interior is connected (see [6, p. 177]). These 
continua are characterized as unicoherent at every subcontinuum having nonempty 
interior (Theorem 2.5 of [10, p. 152]). Further, Theorem 4 of [6, p. 180] says that 
weak hereditary unicoherence is an invariant property under quasi-monotone map- 
pings. Combining these two theorems we get the following result. 
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19. P ropos i t ion .  I f  a continuum is unicoherent at each of its subcontinua having 
nonempty interior, so is its image under any quasi-monotone mapping. 
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